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Abstract. Phase mixing of relativistically intense longitudinal wave packets in a
cold homogeneous unmagnetized plasma has been studied analytically and numerically
using Dawson Sheet Model. A general expression for phase mixing time (ωptmix) as
a function of amplitude of the wave packet(δ) and width of the spectrum(∆k/k) has
been derived. It is found that phase mixing time crucially depends on the relative
magnitude of amplitude “δ” and the spectral width “∆k/k”. For ∆k/k ≤ 2ω2pδ2/c2k2,
ωptmix scales with δ as ∼ 1/δ5, whereas for ∆k/k > 2ω2pδ2/c2k2, ωptmix scales with
δ as ∼ 1/δ3, where ωp is the non-relativistic plasma frequency and c is the speed of
light in vacuum. We have also verified the above theoretical scalings using numerical
simulations based on Dawson Sheet Model.
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21. Introduction
The study of relativistically intense longitudinal plasma waves and their space-time
evolution is an area of intense research in plasma physics because of its application to
a broad range of physical problems related to laser plasma interaction[1, 2, 3, 4, 5, 6,
7, 8, 9, 10, 11], astrophysical plasmas[12, 13] and inertial confinement thermonuclear
fusion[14, 15]. For example study of nonlinear plasma waves is important from
the point of view of wakefield acceleration where the wake wave is excited either
by passing laser pulses or bunches of relativistic electron beams through a plasma
chamber[1, 9, 16, 17, 18]. Amplitude of these relativistically intense space charge
waves is limited by the phenomenon of wave breaking, which occurs via a well known
process called phase mixing [19, 20, 21, 22]. Phase mixing results in crossing of
neighbouring electron orbits which is caused by temporal dependence of phase difference
between oscillating electrons constituting the oscillation/wave[20]. This temporal
dependence of phase difference between neighbouring oscillating electrons arises because
of background density inhomogeneities (either fixed[23, 24] or self-generated[25]) and/or
because of relativistic mass variation effects[19, 21, 22, 26]. The process of phase
mixing leading to wave breaking not only limits the maximum achievable electric field
in laser/beam driven wakefield experiments, but also is applicable to some electron
injection schemes[27, 28, 29], where the wake wave moves along a density gradient
and traps electrons by breaking. Further, in relation to, laser/beam driven wakefield
experiments it has been recently pointed out[21] that if the phase mixing time (wave
breaking time) is shorter than the dephasing time of an electron in the wake wave, then
maximum energy gain cannot be achieved as the wake wave gets damped because of
phase mixing before the dephasing time is reached. Therefore a thorough understanding
of the phase mixing process and estimation of phase mixing time (wave breaking time)
of relativistically intense plasma waves is relevant for these experiments.
In a typical laser/beam plasma interaction experiment, a spectrum of relativistically
intense plasma waves with an arbitrary spread in ∆k(and hence in vph) is excited
because of group velocity dispersion and nonlinear distortion of light pulse near
the critical layer[19, 20]. Such a wave packet exhibits phase mixing and breaks
at arbitrarily small amplitudes[19]. By studying the space-time evolution of two
relativistically intense waves having wave numbers separated by an amount ∆k,
authors in ref.[19] showed that, in general a wave packet having amplitude δ and
spectral width ∆k will phase mix and break in a time scale given by ωptmix ∼{
3
64
(3ω2pδ
3/c2k2)[|∆k/k|/(|1 + ∆k/k|)](1 + 1/|1 + ∆k/k|)
}−1
. This expression shows
that in the limit ∆k/k → 0, ωptmix → ∞ i.e a sinusoidal wave will not undergo
phase mixing. This is contrary to present understanding that relativistically intense
plasma waves in a cold homogeneous plasma with immobile ions always phase mixes and
breaks[19, 26] at an arbitrary low amplitude; except for the singular case of longitudinal
Akhiezer-Polovin mode whose amplitude is limited to eEWB
mωpec
∼ √2(γph − 1)1/2. Here,
γph = 1/
√
(1− v2ph/c2) is the Lorentz factor associated with the phase velocity vph, e
3and m are, respectively, the charge and mass of an electron. A longitudinal Akhiezer -
Polovin mode is a very special combination of ω,k (ω = Frequency, k = Wavenumber)
and its harmonics such that they propagate together as a coherent nonlinear structure
with a constant phase velocity[30]. Even a longitudinal Akhiezer-polovin mode phase
mixes and breaks at an arbitrarily low amplitude when perturbed longitudinally[21, 22].
In order to resolve this anomaly, in the present paper we extend the calculation of
ref.[19] and show both analytically and numerically that phase mixing occurs even in
the limit ∆k/k → 0. In fact, we clearly delineate regimes where the phase mixing
formula presented in ref.[19] holds.
In ref.[19] , the relativistic equation of motion of an electron is derived using Dawson
sheet model[31, 32] and solved in the weakly relativistic limit using Krylov and
Bogoliubov method of averaging[33]. The relativistically correct frequency of oscillation
is obtained upto second order in wave amplitude “δ”. The expression for frequency thus
derived, because of relativistic mass variation effects, clearly exhibits spatial dependency,
which is a signature of phase mixing. As noted in the previous paragraph, the spatial
dependency vanishes in the limit ∆k/k → 0, indicating that a sinusoidal wave does
not phase mix. To resolve this, in section 2 of this paper, we extend the calculation of
ref.[19] and compute the frequency correct upto fourth order in oscillation amplitude “δ”
using Lindstedt - Poincare´ method[34]. This improved calculation of frequency exhibits
spatial dependency even in the limit of ∆k/k → 0. Using this modified frequency and
using Dawson’s argument[23], phase mixing time is estimated, both in small and large
∆k/k limit. In section 3, we verify the analytically derived scalings of phase mixing time
on amplitude “δ”, using numerical simulations based on Dawson sheet model[31, 32].
Finally in section 4, we present a summary of our work.
2. Equation of Motion and Its Solution
According to the Dawson sheet model description of a cold plasma[31, 32], electrons
are assumed to be infinite sheets of charges embedded in a cold immobile positive ion
background. Evolution of any coherent mode can be studied in terms of oscillating
motion of these sheets about their equilibrium positions. Let xeq and ξ(xeq, t),
respectively, be the equilibrium position and displacement from the equilibrium position
of an electron sheet. In terms of xeq and ξ(xeq, t), the associated fluid quantities, viz.,
number density, velocity and self consistent electric field can, respectively, be written
as n(xeq, t) = n0/(1 + ∂ξ/∂xeq), v(xeq, t) = ξ˙ and E(xeq, t) = 4pien0ξ, where n0 is the
equilibrium density of electrons. Here, dot represents differentiation w.r.t time t. The
Euler coordinate of the electron sheet is given by x(xeq, t) = xeq + ξ(xeq, t). So, once
ξ(xeq, t) is found, the space time evolution of a mode is solved in principle. ξ(xeq, t)
can be obtained by solving the relativistic equation of motion of a sheet which can be
written as[19]
ξ¨
(1− ξ˙2)3/2 + ξ = 0 (1)
4Here, we have used the following normalization: t→ ωpet, ξ → ωpeξc , ξ˙ → ξ˙c , E → eEmωpec .
In weakly relativistic limit, Eq.1 transforms to[19]
ξ¨ + ξ − 3
2
ξξ˙2 ≈ 0 (2)
Eq.2 is solved using Lindstedt - Poincare´ Preturbation Technique[34] by expanding in
series the displacement ξ and the oscillation frequency Ω: ξ = ξ0 + ξ1 + ξ2 + ... and
Ω2 = 1 + ω21 + ω
2
2 + ...[34] . Initial conditions are taken same as in Ref. [19]
ne(x, 0) = n0
[
1 + δcos
(
∆k
2
x
)
cos
(
k +
∆k
2
)
x
]
(3a)
and
ve(x, 0) =
ωpeδ
2
[
1
k
cos(kx) +
1
k + ∆k
cos(k + ∆k)x
]
(3b)
The zeroth order solution to Eq.2 is ξ0 = ξ(xeq)cos[Ωt + φ0(xeq)] with ξ(xeq) being the
oscillation amplitude. ξ(xeq) and φ0(xeq) are respectively given by
ξ(xeq) =
ωpδ
2ck
[
1 +
k2
(k + ∆k)2
+
2k
(k + ∆k)
cos(∆kxl)
]1/2
(4a)
and
φ0(xeq) = tan
−1

[
cos(kxl)
k
+ cos(k+∆k)xl
(k+∆k)
]
[
sin(kxl)
k
+ sin(k+∆k)xl
(k+∆k)
]
 (4b)
where xl = xeq + ξ(xeq, 0), the initial position of a sheet.
The solution to Eq.2 correct upto ξ1 can be written as
ξ(xeq, t) = ξ(xeq)cos(Ωt+ φ0) +
3ξ(xeq)
3
16
cos(Ωt+ 2φ0)
−ξ(xeq)
3
16
cos(Ωt− 2φ0)− ξ(xeq)
3
8
cos2(Ωt+ φ0) (5)
The frequency Ω is determined from the condition that there are no secular resonant
terms in the equations for ξ1, ξ2... We find that the oscillation frequency correct upto
the fourth order of the oscillation amplitude δ is given by
Ω ≈ 1− 3ω
2
pδ
2
64c2
[
1
k2
+
1
(k + ∆k)2
+
2cos(∆kxl)
k(k + ∆k)
]
− 3ω
4
pδ
4
1024c4
×3{cos(kxl)
k
+
cos(k + ∆k)xl
(k + ∆k)
}4
−
{
1
k2
+
1
(k + ∆k)2
+
2cos(∆kxl)
k(k + ∆k)
}2(6)
The expression for frequency clearly shows spatial dependency (dependence on initial
position of the sheet) for arbitrary values of ∆k/k. As ∆k/k → 0, the first correction
term becomes independent of sheet positions whereas the second correction term (“δ4”
term) still retains its spatial dependence. Because of this space dependence different
“pieces” of the wave slowly go out of phase as time progresses, resulting in the
5phenomenon of phase mixing. Following Dawson’s argument[23], the phase mixing time
is given by
tmix ∼ pi
2
1
ξmax
dΩ
dxeq
(7)
where dΩ/dxeq(calculated from Eq.6) is given by
dΩ
dxeq
=
3ω2pδ
2
64c2
{
2sin(∆kxl)∆k
k(k + ∆k)
}
+
36ω4pδ
4
1024c4
{
cos(kxl)
k
+
cos(k + ∆k)xl
(k + ∆k)
}3
×{sin(kxl) + sin(k + ∆k)xl} (8)
In the above expression the small term of order (δ2∆k/k)2 is neglected. Taking
ξmax =
ωpeδ
2c
[1/k + 1/(k + ∆k)] (from Eq.4a), calculating the maximum value of dΩ
dxeq
and putting them in Eq.7, the final expression for phase mixing time (tmix) stands as
tmix =
pi
2
[
3ω2peδ
3
64c2k2
{
1 +
1
(1 + ∆k/k)
}]−1  ∆k/k
1 + ∆k/k
+
9
√
3ω2peδ
2
8c2k2
−1 (9)
It is clear from above expression, that for ∆k/k > 2ω2pδ
2/c2k2, upto leading order, the
phase mixing time is given by
tmix =
pi
2
[
3ω2peδ
3
64c2k2
{
1 +
1
(1 + ∆k/k)
}{
∆k/k
1 + ∆k/k
}]−1
(10)
This is as same expression as Eq.19 of ref.[19]. This shows for ∆k/k > 2ω2pδ
2/c2k2, tmix
scales with “δ” as 1/δ3. For ∆k/k ≤ 2ω2pδ2/c2k2, upto leading order, the phase mixing
time is given by
tmix =
pi
2
27√3ω4peδ5
512c4k4
{
1 +
1
(1 + ∆k/k)
}−1 (11)
which shows that for sharply peaked wave packets, the phase mixing time tmix scales
with “δ” as 1/δ5. In the next section, we verify these scalings using a code based on
Dawson sheet model.
3. Numerical Verification
Using a code based on Dawson sheet model, we numerically verify the process of phase
mixing of a longitudinal wave packet - described by it’s two parameters, amplitude δ
and spectral width ∆k/k. For this purpose we have used a one - dimensional (1D) sheet
code based on Dawson Sheet Model of a 1D plasma. In this code we have followed the
motion of an array of ∼ 10000 electron sheets. Using initial conditions given by Eqs.3a,
3b and using periodic boundary conditions, the equation of motion for each sheet is then
solved using fourth order Runge-Kutta scheme. At each time step, ordering of sheets is
checked for sheet crossing(electron trajectory crossing). Phase mixing time is measured
as the time taken by any two adjacent sheets to cross over. We terminate our code at
this time because the expression for self-consistent electric field (E = 4pien0ξ) used in
6equation of motion becomes invalid beyond this point[19, 20, 31, 32].
Figs.1 - 3 respectively show the dependence of phase mixing time with amplitude δ
for three different values of |∆k/k|; |∆k/k| = 0.1, 0.2 and 0.5. All the figures points
represent the simulation results and the blue line is the complete formula given by Eq.9.
Compare figure 3 with figure 10 in ref[19]. Note that the improved formula (Eq.9)
shows a much better fit to the simulation results. The vertical dashed magenta line
separates the two regimes viz. ∆k/k > 2ω2pδ
2/c2k2 and ∆k/k < 2ω2pδ
2/c2k2. In the
regime ∆k/k > 2ω2pδ
2/c2k2, the dependence of phase mixing time on δ is predominantly
∼ 1/δ3 (black line) whereas the regime ∆k/k ≤ 2ω2pδ2/c2k2, the dependence of phase
mixing time on δ is predominantly ∼ 1/δ5 (red line). We observe, that as |∆k/k|
increases, the vertical dashed line shifts towards the right as expected from theoretical
analysis. For sinusoidal case (|∆k/k| = 0), the phase mixing time scale is given by
tmix =
pi
2
[
27
√
3ω4peδ
5
256c4k4
]−1
, obtained by putting |∆k/k| = 0 in Eq.11. In Fig.4 we have
shown the variation of phase mixing time scale as a function of δ for |∆k/k| = 0. Here
the points are simulation results and the continuous line represents the scaling obtained
from Eq.11. In this case phase mixing time scale is always proportional to 1/δ5. In all
the cases, the analytical expressions presented by Eqs.9 and 11 are showing a good fit
to the observed numerical results, thus vindicating our analytical results.
4. Summary
The breaking of relativistically intense longitudinal wave packets in a cold plasma has
been studied. It is shown that the phase mixing time scale tmix crucially depends
on the relative magnitude of the amplitude of the wave packet δ and dimensionless
spectral width of the wave packet |∆k/k|. For sharply peaked wave packets i.e for
∆k/k ≤ 2ω2pδ2/c2k2, tmix scales with δ as 1/δ5. For broader wave packet i.e for
∆k/k > 2ω2pδ
2/c2k2, tmix scales with δ as 1/δ
3.
Acknowledgement
We would like to acknowledge Predhiman K Kaw for useful suggestions.
7References
[1] T. Tajima and J.M. Dawson, Phys. Rev. Lett. 43, 267 (1979).
[2] A. Modena, Z. Najmudin, A.E. Dangor, C.E. Clayton, K.A. Marsh, C. Joshi, V. Malka, C.B.
Darrow, C. Danson, D. Neely and F.N. Walsh, Nature 377, 606 (1995).
[3] V. Malka, S. Fritzler, E. Lefebre, M.M. Aleonard, F. Burgy, J.P. Chambaret, J.F. Chemin, K.
Krushelnick, G. Malka, S.P.D. Mangles, Z. Najmudin, M. Pittman, J.P. Rousseau, J.N. Scheurer,
B. Walton and A.E. Dangor, Science 298, 1596 (2002).
[4] B. M. Hegelich, B.J. Albright, J. Cobble, K. Flippo, S. Letzring, M. Paffett, H. Ruhl, J. Schrciber,
R. K. Schulze and J. C. Ferna´ndez, Nature 439, 441 (2006).
[5] H. Schwoerer, S. Pfotenhauer, O. Ja¨ckel, K. U. Amthor, B. Liesfeld, W. Ziegler, R. Sauerberg, K.
W. D. Ledingham and T. Esirkepov, Nature 439, 445 (2006).
[6] J. Faure, C. Rechatin A. Norlin, A. Lifschitz, Y. Glinec and V. Malka, Nature(London) 444, 737
(2006).
[7] N. H. Matlis, S. Reed, S. S. Bulanov, V. Chvykov, G. Kalintchenko, T. Matsouka, P. Rousseau, V.
Yanovsky, A. Maksimchuk, S. kalmykov, G. Shvets and M. C. Downer, Nature Physics 2, 749
(2006).
[8] C. Rechatin, J. Faure, A. Ben-Ismail, J. Lim, R. Fitour, A. Speckam, H. Videau, A. Tafzi, F. Burgy
and V. Malka, Phys. Rev. Lett. 102, 164801 (2009).
[9] E. Esarey, C.B. Schroeder and W.P. Leemans, Rev. Mod. Phys. 81, 1229 (2009).
[10] Francis F Chen, Phys. Scripta T30, 14-23 (1990).
[11] W. L. Kruer, Phys. Scripta T30, 5-9 (1990).
[12] G. J. J. Botha, T.N. Arber, V.M. Nakariakov, F.P. Keenan, Astron. Astrophysics. 363, 1186
(2000).
[13] Y. Voitenko, J. Andries, P. D. Copil and M. Goossens, Astron. Astrophysics. 437, L47 (2005).
[14] Max Tabak, James Hammer, Michael E. Glinsky, William L. Kruer, Scott C. Wilks, John
Woodworth, E. Michael Campbell, Michael D. Perry and Rodney J. Mason, Phys. Plasmas 1,
1626 (1994).
[15] R. Kodama, P. A. Norreys, K. Mima, A. E. Dangor, R. G. Evans, H. Fujita, Y. Kitagawa, K.
Krushelnick, T. Miyakoshi, N. Miyanaga, T. Norimatsu, S. J. Rose, T. Shozaki, K. Shigemori,
A. Sunahara1, M. Tampo, K. A. Tanaka,5, Y. Toyama, T. Yamanaka and M. Zepf, Nature 412,
798 (2001).
[16] T. Katsouleas, Phys. Rev. A, 33, 2056(1986).
[17] V. Malka, Phys. Plasmas, 19, 055501(2012).
[18] J. B. Rosenzweig, Phys. Rev. Lett, 58, 555(1987).
[19] S. Sengupta, V. Saxena, P.K. Kaw, A. Sen and A. Das, Phys. Rev. E 79, 026404 (2009).
[20] S. Sengupta, P. Kaw, V. Saxena, A. Sen and A. Das, Plasma Phys. Controlled Fusion 53, 074014
(2011).
[21] Prabal Singh Verma, Sudip Sengupta and Predhiman Kaw, Phys. Rev. Lett. 108, 125005 (2012).
[22] Arghya Mukherjee and Sudip Sengupta , Phys. Plasmas. 21, 112104 (2014).
[23] J.M. Dawson, Phys. Rev.113, 383 (1959).
[24] E. Infeld, G. Rowlands and S. Torve´n, Phys. Rev. Lett. 62, 2269 (1989).
[25] Sudip Sengupta and Predhiman K. Kaw, Phys. Rev. Lett. 82, 1867 (1999).
[26] E. Infeld, G. Rowlands, Phys. Rev. Lett. 62, 1122 (1989).
[27] S. Bulanov, N. Naumova, F. Pegoraro, and J. Sakai, Phys. Rev. E 58, R5257(R) (1998).
[28] H. Suk, N. Barov, J. B. Rosenzweig, and E. Esarey, Phys. Rev. Lett. 86, 1011 (2001).
[29] C. G. R. Geddes, K. Nakamura, G. R. Plateau, Cs. Toth, E. Cormier-Michel, E. Esarey, C. B.
Schroeder, J. R. Cary, and W. P. Leemans, Phys. Rev. Lett. 100, 215004 (2008).
[30] A.I. Akhiezer and R.V. Polovin, Sov. Phys. JETP 3, 696 (1956).
[31] J.M. Dawson, Phys. Fluids. 5, 445 (1962).
[32] Sudip Sengupta, AIP Conf. Proc. 1582, 191200 (2014).
8[33] Asymptotic Methods in the Theory of Nonlinear Oscillations, N. N. Bogoliubov and V. A.
Mitropolsky , Hindustan Publishing, New Delhi, India.
[34] Perturbation Methods, Ali Hasan Nayfeh, Wiley and Sons, New York.
90.1 0.2 0.3 0.4 0.5
101
102
103
104
105
δ →
ω
pt
m
ix
 
→
|∆ k/k|  = 0.1
 
 
Formula
Simulation
∼ 1/δ3
∼ 1/δ5
∼ 1/δ3 ∼ 1/δ5
Figure 1. Phase Mixing Time (ωptmix) as a function of amplitude δ for |∆k/k| = 0.1.
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Figure 2. Phase Mixing Time (ωptmix) as a function of amplitude δ for |∆k/k| = 0.2.
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Figure 3. Phase Mixing Time (ωptmix) as a function of amplitude δ for |∆k/k| = 0.5.
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Figure 4. Phase Mixing Time (ωptmix) as a function of amplitude δ for |∆k/k| = 0.
